We make three observations that help clarify the relation between CFT and quantum chaos. We show that any 1+1-D system in which conformal symmetry is non-linearly realized exhibits two main characteristics of chaos: maximal Lyapunov behavior and a spectrum of Ruelle resonances. We use this insight to identify a lattice model for quantum chaos, built from parafermionic spin variables with an equation of motion given by a Y-system. Finally we point to a relation between the spectrum of Ruelle resonances of a CFT and the analytic properties of OPE coefficients between light and heavy operators. In our model, this spectrum agrees with the quasi-normal modes of the BTZ black hole.
Introduction
There has been considerable recent interest in the manifestation of many body quantum chaos in strongly coupled conformal field theory [1, 2, 3] . Characteristics of chaotic systems, such as Lyapunov behavior, scrambling and Ruelle resonances, can be effectively isolated by studying out-of-time ordered correlation functions [4, 5, 6] . AdS/CFT duality relates these characteristics to evident properties of wave perturbations near black hole horizons, such as exponential redshifts, gravitational shockwaves and quasi-normal modes.
Many body quantum chaos is interesting in its own right, but usually hard to quantify.
Identifying simple models or general mechanisms that exhibit aspects of quantum chaos is therefore a worthwhile goal. In this note we make three interrelated observations that may help 1) identify a new class of toy models in the form of a simple lattice model built out of parafermionic spin variables 2) clarify the relationship between maximal quantum chaos and the non-linear realization of conformal symmetry at finite temperature, 3) relate the spectrum of Ruelle resonances to analytic properties of OPE coefficients in the CFT. We now briefly describe each of the three components of our story.
1) A discrete model of many body quantum chaos
Useful many body systems that may exhibit chaos are quantum spin chains and matrix models. Another interesting example is the SYK model, which is solvable at strong coupling, maximally chaotic, and exhibits emergent conformal symmetry at low energies [4] . Our model of interest combines ingredients and properties of both examples, with the added feature that its Lyapunov behavior can be exhibited via weakly coupled effective field theory.
The model described below is a minor specialization of the class of integrable lattice models introduced by Faddeev, Kashaev and Volkov [7, 8, 9] .
The model is assembled from a collection of Z N parafermionic operators f n , labeled by an integer 1 ≤ n ≤ L with L some large odd integer. We identify f L+1 ≡ f 1 , so the integers n label points on a 1D periodic lattice. The f n satisfy the algebra f 2n±1 f 2n = q 2 f 2n f 2n±1 , q = e iπ/N , ( clock and shift matrices. In the end, we imagine taking the continuum limit L → ∞. The integer N is assumed to be large but finite.
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The time-evolution is discrete and specified as follows [7] . We relabel the variables f n by means of two integers f σ,τ with σ + τ = even, via f 2r,0 = f 2r and f 2r+1,1 = f 2r+1 .
The relabeled variables specify the initial condition of the model. The time evolution will generate a discrete, cylindrical 1+1-D space time formed by a rhombic lattice. The time evolution proceeds via a local propagation rule [7] . We can focus on a single diamons shaped lattice cell (1). The Y-system (1.3) defines an integrable lattice model, that can be recognized as a discretized version of 2D hyperbolic geometry [7] . The exchange relation (1.1) amounts to a quantization of this hyperbolic geometry. 2 As we will see shortly, N will be proportional to the central charge of the low energy effective CFT. 3 In some way, one may view the model as a many body analogue of a hyperbolic billiard.
The lattice model is a well defined quantum system, albeit one with a discrete time evolution. The model has been constructed [7] so that in the large L and IR limit, it describes a 2D continuum CFT with a non-linearly realized conformal symmetry with central charge
2 with b 2 = 1/N. As we will explain, this CFT exhibits maximal Lyapunov behavior, and an infinite set of Ruelle resonances match the quasi-normal frequencies of the BTZ black hole [10] .
It may seem surprising that an integrable model can display properties characteristic of many body quantum chaos. To address this potential worry, one could choose to perturb the system away from integrability, e.g. by introducing frustration or by adding disorder. Since the features of quantum chaos will already become apparent in the unperturbed model, we
will not go select among the list of such possible modifications 4 and instead focus on this idealized case, while ignoring the role of exact integrability. Indeed, we can note that there are other systems, such as N = 4 SYM theory at large N, that are believed to be both integrable and chaotic. We will return to this point in the concluding section.
2) Lyapunov from Goldstone
A central part of our reasoning consists of a new physical derivation of the Lyapunov behavior of an irrational CFT at finite temperature. The idea is as follows. 1+1-D CFTs are characterized by an infinite conformal symmetry group, given by reparametrizations of the lightcone coordinates u and v
This conformal symmetry is broken by the conformal anomaly and by the presence of a finite energy density at finite temperature (and by the UV-cut-off). For a CFT with a dense asymptotic energy spectrum, it is then natural to expect that the conformal symmetry is non-linearly realized in terms of a light Goldstone mode.
This motivates us to consider the effective field theory of the relevant Goldstone excitation, described by the chiral field ξ(u) in (1.4) that parameterizes the conformal group. The effective Lagrangian is uniquely fixed by symmetries, and given by the geometric action of the Virasoro group [11] . In section 2, we will use this insight to derive the commutation 4 One could add disorder e.g. by using the freedom of normalization of the f n to set f n † f n = κ n N×N , with κ n random real numbers picked from a narrow probability distribution centered around κ n = κ. Alternatively, one could add frustration e.g. by including a next-to-neighbor interaction in the time step rule (1.2) and (
relations of the Goldstone fields ξ(u) and η(v). We will find that the thermal expectation value of the commutators squared 5) initially grow exponentially with the time separation, with a temperature dependent Lyapunov exponent λ = 2π/β. In fact, we will derive the somewhat more precise result that, inside a thermal expectation value, the commutator between two generic local operators takes the form
with ǫ some constant proportional to 1/c. This result, which holds for time-like separations in the intermediate range c ≫ λt 12 ≫ 1, matches with the bulk interpretation of the commutator as resulting from a near horizon gravitational shockwave interaction [1, 12] .
3) Ruelle resonances as poles in OPE coefficients
A main characteristic of a chaotic system is that it thermalizes: out of time ordered correlation functions decay to zero at late times. The approach toward equilibrium is governed by Ruelle resonances [13] . They appear as poles in the Fourier transform of the thermal two-point function, or in systems that obey the ETH [14] , the matrix element between two excited states with total energy M
The Ruelle resonances of holographic 2D CFTs are well studied [10, 15] . As argued in [16] , the matrix element reduces (for small t) to the thermal 2-point function. Its Fourier transform G(ω) has poles at resonant frequencies
that coincide with the quasi-normal modes of the BTZ black hole [10] . By factorizing the matrix element (1.7) in the intermediate channel, we can write
(1.10) 5 Here for simplicity we only consider the time dependence of the correlator. In general, the left-and right-moving sectors each may have their own temperature and Lyapunov exponents λ l,r = 2π/β l,r .
where we used that in the Cardy regime, we can replace the spectral density ρ(E) = |i δ(E − E i ) by a continuous distribution, and label the CFT states by their energy. We learn that the Ruelle resonances dictate the analytic structure of the matrix element of a light operator O between two highly excited states. This indicates that the resonances must show up as poles in the OPE coefficient of a light operator and two heavy operators.
Or in AdS-dual terms, the quasi-normal modes should show up as poles in the absorption and emission amplitudes of wave perturbations by a BTZ black hole.
In section 4 we will show that the analytic continuation of the OPE coefficients of the continuum limit of our model indeed has poles located at the expected frequencies (1.8).
This supports the statement that the continuum limit of the model is ergodic.
Lyapunov from Goldstone
Consider an irrational 2D CFT with central charge c ≫ 1 with an asymptotic density of states given by the Cardy formula, and with a sparse low energy spectrum. We place the CFT on a circle, parameterized by a periodic coordinate x with period 2π. We introduce light-cone coordinates (u, v) = (t − x, t + x).
Consider a finite energy state with a constant expectation value for, say, the left-moving energy momentum tensor
In this regime, we can associate to the state a finite inverse temperature
Let us perform a general conformal transformation (1.4). We require that
The expectation value of the energy momentum tensor transforms non-trivially
with S ξ the Schwarzian derivative
The 
As we will see shortly, the expression (2.5) for the energy-momentum tensor in terms of ξ(u) is familiar from the geometric quantization of Diff(S 1 ), the group of (chiral) conformal transformations in 2D.
A cautious reader may view equation (2.5) simply as a (in)convenient parameterization of the energy momentum tensor T (u). Our assumption, however, is that the symmetry parameter ξ(u) acts as a genuine local quantum field that creates and annihilates local physical excitations. Given that ξ(u) is a scalar and T (u) is the generator of conformal transformations, we know that
The emergence of a light Goldstone mode at finite temperature can be explained as a physical consequence of the fact that an irrational CFT in the Cardy regime has an extremely dense energy spectrum.
Equations (2.6) and (2.7) become semi-classical in the large c limit. From equation (2.1) 6 Here we absorb a factor of ≡ 6/c in the definition of T (u). This is a customary step, that exhibits the fact that the commutation relations (2.6) and (2.7) become semi-classical at large c.
we see that the field ξ(u) has expectation value
So semi-classically, we can think of the Goldstone field as: ξ(u) = u + small fluctuations.
We are now ready to state the main technical result of this section:
The three relations (2.5), (2.6) and (2.7) uniquely determine the commutation relation of the Goldstone field ξ(u), and are sufficient to derive the Lyapunov growth of commutators.
Working to leading order in 1/c, one finds that [17] [18] A detailed derivation of equation (2.9) and (2.10) can be found in [17] [18]. Here we give a short summary. The constituent relation (2.5) between the energy-momentum tensor and the field ξ(u) can be decomposed as
The commutation relations (2.6) and (2.7) then follow from the free field commutator
13) with = 6/c. So our task has been simplified: all we need to do is use relation (2.12) to solve of ξ(u) in terms of ϕ(u), and use the chain rule to deduce the commutator of ξ(u 1 ) and ξ(u 2 ) from the free field commutator (2.13) of ϕ. 7 For simplicity we will assume that the left and right movers have the same temperature.
The free field ϕ(u) is periodic up to a shift
Using this fact, equation (2.12) integrates to [18] 
With this relation and equation (2.13) in hand, it is now a relatively straightforward calculation to derive the result (2.9) and (2.10).
Let us turn to the physical consequences of equations (2.9) and (2.10). We observe that λ is equal to the maximal Lyapunov exponent λ = 2π/β. We will assume that λ ≫ 1, i.e.
the thermal wave length is very short compared to the size of the spatial circle. The second term in the commutator (2.9), and its right-mover counter part, thus grows exponentially with the coordinate differences u 12 and v 12 over the range
We will restrict our attention to this coordinate range. In this regime, equation (2.9) implies that the commutator between two local functionsf (u 2 ) ≡ f (ξ(u 2 )) andĝ ≡ g(ξ(u 1 )) of the Goldstone fields satisfy
Here we used equation (2.8) to replace ξ(u) → u on the r.h.s. We would like to translate equation (2.17) into a statement about the commutator between local CFT operators.
Consider some local CFT operator O(u, v). Under the conformal transformation (1.4) it transforms as
Hence local operators are indeed non-trivial functions of the dynamical Goldstone fields.
It is logical to take this observation one step further, and, similarly as we did for the energy-momentum tensor, assume that local operators O(u, v) can be represented as cnumber valued functions of the operator valued fields ξ(u) and η(v) and their derivatives.
The collection of these functions is determined by the spectrum and operator algebra of the CFT. Their form is constrained by the locality requirement that space-like separated operators commute. This condition is very restrictive: it prescribes that primary local operators are all of the form [18, 19] 
Equations (2.9) and (2.10) can then be used to compute the commutation relations between time-like separated operators, as follows.
The accepted test for Lyapunov growth of the commutator between two local operators W and V is to compute the expectation value
where the subscript ǫ indicates a small displacement. This expectation value is equal to the difference between a time ordered and an out-of-time-ordered (OTO) correlation function.
The OTO correlation function is obtained via analytic continuation of the time ordered correlation functions, where one circles, say, the coordinate u around the origin. This operation amounts to analytic continuation of the left-moving conformal blocks to the second Riemann sheet. Of course, we could also choose to do the analytic continuation using the coordinate v. This would have given the same final result.
The full-circle-monodromy M of a conformal block is the square M = R 2 of half-circlemonodromy known as the R-operation. The R-operator, acting on the left conformal blocks, re-orders the left-moving parts of the operators W and V . In the linearized regime, i.e. to leading order in 1/c, we can write R ≃ 1 − r with r the perturbative operation that takes the commutator between the left-moving parts of W and V . The full-circle-monodromy is M ≃ R 2 = 1 − 2r and thus the full commutator inside (2.21) is equal to acting with (1 − M) = 2r on the two operators W and V . From equation (2.17) we then deduce that
This result, which holds for time like separation in the regime (2.16), displays the maximal Lyapunov behavior and the linearized gravitational effect of an early incoming perturbation (created by V ) on the arrival time of the outgoing signal (detected by W ).
We end with a brief comment on the extension to higher orders. As indicated by the description of the monodromy moves, one expects that the commutator (2.22) exponentiates to a non-perturbative exchange relation. Fourier transforming the left-moving coordinate via W α (v) = du e iαu W (u, v), this exchange algebra is expected to take the following form
If we assume that the bulk interaction is dominated by gravity, then AdS/CFT makes a precise prediction for the monodromy matrix M α β [2] . The prediction precisely matches with the monodromy matrix of Liouville CFT [2] .
A Chaotic Lattice Model
In this section, we will connect the FKV lattice model, defined by equations (1.1), (1.2) and A second motivation is that one can hope that the lattice model, by virtue of being more well defined, may allow for more explicit dynamical understanding of the underlying mechanism for chaos. Indeed, it turns out that the lattice Liouville model can be formulated in a way that preserves the geometric appeal of the continuum theory [7] The Y-system (1.3) and the expression (2.19) of local operators in terms of the function (2.20) both have a direct connection with hyperbolic geometry. To see this, we first note that the 1+1-D metric defined by
describes a hyperbolic space-time with constant negative curvature. The authors of [7] gave a beautiful discretized description of this 2D hyperbolic metric as follows.
We can write equation (3.1) as
with ∆ an infinitesimal coordinate shift. Note that this expression for f (u, v) looks like a cross-ratio. So it is invariant under Möbius transformations. Now consider the values of f (u, v) in four nearby points, separated by null shifts ∆
These four cross-ratios depend on six functions e λξ(u) , e λξ(u±∆) , e λη(v) , and e λη(v±∆) , but thanks to the Möbius invariance, only three of the six functions are independent. Therefore, the four cross-rations (1.2) satisfy one relation [7] . Putting ∆ = 1, it reads
This confirms that the equation of motion of the FKV lattice model is a discretization of the hyperbolic metric (3.1). The parafermionic algebra
defines a quantization of the space of discretized hyperbolic metrics.
Our new observation is that this lattice model can serve as a useful prototype of quantum chaos. The most direct way to substantiate this claim would be compute an out-of-time ordered four-point function of local operators
at finite temperature, as a function of the time difference t. While this would in principle be doable, we will leave this task to future work. Instead we will cut the computation short, by banking on the results of [7, 9] that show that the above lattice model in the large L limit approaches continuum Liouville CFT. Together with the result of the previous section, this is sufficient to demonstrate that the continuum limit of the lattice model displays maximal
Lyapunov behavior. 
The right column lists the formulas (2.13), (2.14) and (2.12) that were used to derive the commutation relation (2.9) of the left-moving Goldstone variable ξ(u). The left column is the lattice version of the same set of relations, with ǫ nm the discretized stair-step function.
We can write a parallel set of formulas that represent the right-moving modes ϕ(v) and η(v)
in terms of lattice variables ϕ − n and η n . Lattice variables ϕ ± n that satisfy the exchange relation in (3.7) are obtained from the local operators f n in two steps [7] [9]. First we define two mutually commuting sets of chiral operators w ± n via w
These satisfy the algebra w 
At the initial time τ = 0, we can recover the single valued local parafermionic operators f 2n from the non-local chiral variables via
This is the lattice version of the relation e 2φ(u,v) = e ϕ(u)+ϕ(v) that expresses a non-chiral free field vertex operator into the product of the two chiral vertex operators. We note, however, that the time evolution (3.4) does not amount to free field propagation.
Among many other non-trivial results, [7] and [9] give an explicit construction of a unitary time evolution operator U that implements the time step (3.4)
This time evolution does not preserve the chiral factorization (3.10). However, it is shown that there exists a Bäcklund operator B that solves the time evolution via
This Bäcklund operation is causal but highly non-local, and no explicit representation of B is known at present. Indeed, as exemplified by this equation, all non-trivial dynamics of the Liouville lattice model is encoded in the way in which the two chiral sectors get mixed and become entangled under the time evolution step (3.4). Our results are evidence that this mixing and entangling is happening in a maximally efficient way.
Our argument that the lattice model exhibits maximal Lyapunov growth is a copy of the effective CFT derivation presented in section 2. The three relations in the left column of equation (3.7) specify the commutation relations of the ξ n variables, in the same way as the right column fixes the commutator algebra of ξ(u). The commutator algebra is expected to approach the continuum result (2.9) in the large L limit. Our working assumption is that the exact solution (3.12) of the lattice model leads to an expression of the local operators f σ,τ in terms of the chiral modes ξ n and η n that mirrors formula (3.2). Via the same reasoning as in section 2, this expression can then be used to verify that the lattice model is local and to establish that the OTO four point function (3.6) grows exponentially with time.
Ruelle Resonances
In this section we will expand on the topic of Ruelle resonances, which provide another signature of chaos and ergodicity. We will briefly review these concepts and then use the intuition for large c irrational conformal field theories to translate the knowledge about these resonances into concrete CFT data. We will introduce a notion of OPE coefficients (of light operators between heavy states) as analytic functions of energy. We will see that the presence of Ruelle resonances, in combination with the conformal bootstrap and AdS/CFT, impose stringent constraints on the form of these analytic OPE functions. We will then verify that the known OPE coefficients of the effective CFT of section 2 and the continuum limit of the lattice model of section 3 satisfy all these physical requirements.
Ruelle resonances in CFT
Ruelle resonances are poles in the Fourier transform of linear response functions that govern thermalization, the decay process towards thermal equilibrium after a quench. Consider a small perturbation produced by a local operator O b (x) to the Hamiltonian
Here J(x) is an external source. Then one can study how this perturbation influences the time evolution of the expectation value of some other operator O a (0) , which for convenience we place at x = 0. By expanding the evolution operator to linear order
where
is the retarded Green's function. G ret ab (x) may be expressed in terms of two point functions as 
For 2D CFTs at large c, it has been argued in [16] that the matrix elements (4.4) are dominated by the identity conformal block (which for G + (u, v) is given by the term with h = 0 on the left in fig. 2 .) For large c, this identity block is well approximated by the thermal 2-point function on an infinite 1D space
( 4.5) with β = π c/6M . This is a useful result, that supports both the ETH and the dual identification of the two point function as the boundary-to-boundary propagator of a bulk field in a BTZ black hole background.
The validity of equations (4.5) 
with k is the momentum of the infalling mode and h the conformal dimension of the fluctuating field. This result was derived using the Poincaré patch, corresponding with a CFT on an infinite line, and with vanishing Dirichlet boundary conditions at infinity [10] . 8 It is reasonable to assume that the result generalizes to black holes in global AdS, with a periodic spatial boundary, by replacing the momentum k by an integer angular momentum ℓ.
In the CFT, the quasi-normal modes manifest themselves as Ruelle resonances, that appear as poles in the Fourier transform of the retarded thermal Green's function (4.3)
which via equation (4.5) yields a spectrum that matches with the gravity prediction (4.6).
Our goal in this section is to use the presence of these Ruelle poles to extract useful infor-mation about the OPE coefficients of the CFT. Earlier paper with results that overlap with this section are [16, 20] .
Resonances and OPE coefficients
As a preparation, let us look at the different conformal block expansions of the matrix elements (4.4), as shown schematically in fig. (2) . The first equal sign of these identities represents the crossing symmetry relation
(z) represents the Virasoro block shown on the left in fig. (2) . We see that The second relation in fig. (2) is the exchange algebra relation, 
and a similar formula holds for G ω R (v). Here |i runs over all conformal primary states of the CFT in the neighborhood of the high energy state |M . In the sum we allowed all states
We want to take the Fourier transform (4.7) with respect to both light-cone coordinates.
It is useful to introduce the spectral density of CFT primary states
We then have
with ω L = [16] and [10] , we expect that their location should match with the quasi-normal frequencies (4.6).
The spectrum of an irrational CFT at large c becomes very dense in the Cardy regime.
In this type of situation, it is customary to treat the spectrum as a continuum with spectral density given by the Cardy formula, and elevate the OPE coefficients to continuous functions of the conformal weights. The Ruelle resonances are then expected to arise as poles in the analytic continuation of the OPE coefficients.
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Let us summarize. The OPE coefficients between light and heavy operators satisfy several non-trivial compatibility conditions: they solve the CFT bootstrap equations (4.8) and (4.9), and must be compatible with the known location (4.6) of the Ruelle resonances.
The question is: do these conditions uniquely fix the form of the OPE coefficients, in the universal high energy regime in which the CFT spectrum is governed by the Cardy formula?
Do we know of any solutions to these conditions?
Ruelle from Liouville
The answer to the last question is affirmative: Liouville theory solves both conditions.
The bootstrap program of Liouville CFT is by now on firm footing [21] . Our new observation is that the OPE coefficients of Liouville CFT, given by the famous DOZZ formula [22] , indeed exhibit a series of poles that precisely match with the quasi-normal frequencies (4.6) of the BTZ black hole. This observation gives extra support to the proposal that Liouville theory should be viewed as the effective CFT that captures universal high energy behavior of holographic CFTs. As we will discuss in the concluding section, this result also sheds light on whether the lattice model of section 3 has ergodic dynamics or not.
Liouville CFT has a continuous spectrum labeled by the momentum variable α via 
where β = 2π/b √ M is the inverse temperature associated with the state M.
The DOZZ three-point function C(α 1 , α 2 , α 3 ) has a rich pole structure. As explained in Appendix A, the series of poles that are relevant to our physical situation are located at
10 Evidently, the Ruelle poles do not arise from the density of states. The Laurent coefficients γ ω n are fixed by conformal symmetry and they only exhibit poles for frequencies associated to degenerate states. The degenerate states appear at different locations than the quasi-normal modes.
which via equations (4.15) and (4.16) tells us that C h M M+ω has poles at
Plugging this into (4.14), and doing the integral (4.13), we learn that the retarded Green's function G ret (ω, ℓ) has poles for
These are the Ruelle resonances that govern the thermalization dynamics of Liouville CFT.
Notice that relative to the list (4.6) of BTZ quasi-normal modes, the series (4.18) reveals additional poles shifted by the excitation numbers n L and n R of the left-and right-moving Virasoro descendants. These additional poles arise because in our CFT calculation, we did not exclude the possibility that the incoming wave created by O a also excites boundary gravitons. If we ignore the energy stored in the boundary gravitons, we recover the expected BTZ result (4.6).
Conclusions
In this note we have made three observations that clarify the geometric origin of chaotic behavior in irrational 2D CFTs. We argued that in holographic CFTs at finite temperature, conformal symmetry is non-linearly realized by means of universal Goldstone-like fields ξ(u) and η(v), that describe the near-horizon gravitational dynamics of the dual theory.
The effective field theory is weakly coupled and its maximal Lyapunov behavior can be demonstrated at the semi-classical level.
We used this insight to propose a new toy model for quantum chaos in the form of the FKV lattice model, with an integrable equation of motion given by a Y-system. Integrability may seem unhelpful for generating ergodic behavior. Indeed, integrable systems are seen as prototypical counter-examples for the ETH: their single state microcanonical ensemble is understood to be described by the generalized Gibbs ensemble (GGE), which has many chemical potentials, one for each conserved quantity [27] . However, this reasoning assumes that the state that defines the microcanonical ensemble is an (approximate) eigenstate of many or all conserved quantities. Instead, if we choose an energy eigenstate that otherwise is a random linear superposition of eigenstates of all other conserved quantities, then the usual ETH can still apply. The conserved quantities in the FKV lattice model are highly non-local, and with respect to local observables the dynamics still looks random and thermalizing. As discussed in the introduction, this random dynamics can be reinforced by introducing some degree of disorder.
Indeed the discrete model seems particularly useful for studying propagation of entanglement, and even though the continuum limit is expected to described by a CFT, the entanglement propagation generated by the Y-system rule (1.3) is non-ballistic and mixes left-and right-moving signals. Our conjecture that the lattice dynamics is ergodinc is further supported by the fact that the continuum limit of the model is expected to be described by Liouville theory, which via the observation of section 4 has Ruelle resonances that prescribe the approach towards thermal equilibrium.
Of course, underlying all three observations in this note, is the idea that the bulk gravitational dynamics of holographic 2D CFTs is accurately captured by 2D Liouville CFT [2] .
This emergent Liouville field can be viewed as encoding the dynamical interplay between geometric entanglement and energy flow. This interpretation combines the idea of kinematic space [24] , that the entanglement entropy S(u, v) of an interval [u, v] between two space-like separated points x = u and x = v describes a metric on a 2D hyperbolic space via 
A DOZZ three point function
In this Appendix we summarize the DOZZ formula for the OPE coefficients of Liouville theory [22] . A nice review can be found in [26] . After introducing the formula we will study its analytic properties which are relevant for the application we consider in the main text.
The DOZZ formula computes the OPE coefficients between three primary operators of , where b is a positive real parameter. The semiclassical limit c ≫ 1 corresponds to b ≪ 1. That is the limit we are interested in, although the result for Liouville theory is supposed to be valid more generally. Now we can state the DOZZ formula which for generic α 1,2,3 and b is given by
where µ is the cosmological constant, γ(x) ≡ Γ(x)/Γ(1 − x) and Υ 0 = dΥ b (x) dx 0
. Υ b (x) is an entire function. It is usually defined by analytic continuation of an integral representation valid for 0 < Re(x) < Q which can be found in [22] . Here we will not need more information about this function other that its zeros since it gives the position of the poles in the DOZZ formula in terms of the α's. Specifically, they are located at These are all the poles of the OPE coefficients. Now we will use the semiclassical limit to identify the poles that are physically relevant for the discussion in the main text, i.e. the ones that survive the b → 0 limit. The external operators that we are interested in are such that one is light, α 1 , two are heavy, α 2 and α 3 , and the difference between the two heavy operators is small. This means we fix the scaling with b in the b → 0 limit such that α 1 ∼ b, α 2 ∼ α 3 ∼ b −1 and α 3 − α 2 ∼ b. Then it is clear that the relevant poles to retain are the ones in equation (A.5) and (A.6) for only n non zero. These two sets of pole for n > 0 can be combined into a single formula 8) where now n runs over all the integers. We see this has the right scaling since both the left and right hand side scale as b in the semiclassical limit. All the rest of the poles disappear in the heavy-heavy-light limit we are interested in here.
